Math 150 Calculus Theorems and Formulas

THEOREM 1.2 Properties of Limits

Let b and ¢ be real numbers, let n be a positive integer, and let f and g be func-
tions with the following limits.

limf(x) =L and limg(x) =K
X—C

X—=C
1. Scalar multiple: lim [bf(x)] = bL
2. Sum or difference: lim [ f(x) + g(x)] = L + K
xX—c

3. Product: lim [f)egx)] = LK
. - fx) L .
4. Quotient: lim=—— = —, rovided K # 0
Q w—eglx) K p
5. Power: lim [ f(x)]" = L

THEOREM 1.5 The Limit of a Composite Function

If f and g are functions such that lim g(x) = L and l_inzf(x) = f(L), then

tim /(g() = f(lim 9| = (0.

THEOREM 1.8 The Squeeze Theorem

If A(x) < f(x) < g(x) for all x in an open interval containing c, except possibly
at ¢ itself, and if

lim h(x) = L = lim g(x)

xX—c

then lim f(x) exists and is equal to L.

xX=¢

h(x) <f(x) < g(x)
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Summary of Differentiation Rules

i[sec x] = sec xtan x
dx

%[csc x] = —csc xcot x

General Differentiation Rules Let f, g, and u be differentiable functions of x.

Constant Multiple Rule: Sum or Difference Rule:

d d

—_ = @7’ —|f+ =f"+ g’

Zlefl=cf nlfrel=f*g

Product Rule: Quotient Rule:

d , ” df|_ef —1¢

== = + — |L ]| =L __JO

Lol = fe’ + gf o [g] pe
Derivatives of Algebraic Constant Rule: (Simple) Power Rule:
Functions d d . d

selCl= —l] ="l —[x] =1

dx[(] 0 dx[t’] nx’ ‘IX[A]
Derivatives of Trigonometric d )= s d sl = el
Functions dx B dx .

%[cos x] = —sinx %[cot x] = —csc?x
Chain Rule Chain Rule: General Power Rule:

2L = L) = =’

Guidelines for Implicit Differentiation

other terms to the right side of the equation.
3. Factor dy/dx out of the left side of the equation.
4. Solve for dy/dx.

1. Differentiate both sides of the equation with respect to x.

2. Collect all terms involving dy/dx on the left side of the equation and move all

THEOREM 3.6 The First Derivative Test

f(c) can be classified as follows.

at (¢, f(c)).
at (c, f(c)).

is neither a relative minimum nor a relative maximum.

f <0 >0 |

F)>0

Let ¢ be a critical number of a function f that is continuous on an open interval
I containing c. If f is differentiable on the interval, except possibly at ¢, then

1. If f’(x) changes from negative to positive at ¢, then f has a relative minimum
2. If f’(x) changes from positive to negative at c, then f has a relative maximum

3. If f/(x) is positive on both sides of ¢ or negative on both sides of ¢, then f(c)
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Definition of Point of Inflection

Let f be a function that is continuous on an open interval and let ¢ be a point in
the interval. If the graph of f has a tangent line at this point (c, f(c)), then this
point is a point of inflection of the graph of f if the concavity of f changes
from upward to downward (or downward to upward) at the point.

y y y
Concave
Conce upward Concave
Concave oncave downward
downward
upward
~ Concave
Concave upward
downward
X , / X
The concavity of fchanges at a point of
inflection. Note that a graph crosses its
tangent line at a point of inflection.
’
f)>0
Concave

THEOREM 3.9 Second Derivative Test

Let f be a function such that f’(c) = 0 and the second derivative of f exists on
an open interval containing c.

1. If f”(c) > 0, then f has a relative minimum at (c, f(c)).
2. If f”(c) < 0, then f has a relative maximum at (c, f(c)).

If f”(c) = 0, the test fails. That is, f may have a relative maximum at c, a relative
minimum at (c, f(c)), or neither. In such cases, you can use the First Derivative
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Definition of Differentials

Let y = f(x) represent a function that is differentiable on an open interval
containing x. The differential of x (denoted by dx) is any nonzero real number.
The differential of y (denoted by dy) is

dy = f(x) dx.

Differential Formulas

Let u and v be differentiable functions of x.
Constant multiple:  d[cu] = c du

Sum or difference: d[u + v] = du + dv
Product: dlw] =udv + vdu

. u vdu — udv
Quotient: d|:;:| = T

THEOREM 4.5 The Definite Integral as the Area of a Region

If £ is continuous and nonnegative on the closed interval [a, b], then the area of
the region bounded by the graph of f, the x-axis, and the vertical lines x = a
and x = b is given by

b
Area = f f(x) dx.

(See Figure 4.22.)

THEOREM 4.7 Properties of Definite Integrals

If £ and g are integrable on [a, b] and k is a constant, then the functions of kf
and f + g are integrable on [a, b], and

b b
1. f kf(x)dx=kf f(x) dx

1

L

b b h
2. J' [f(x) + glx)] dx = f f&) dxif 8(x) dx.

a

THEOREM 4.9 The Fundamental Theorem of Calculus

If a function f is continuous on the closed interval [a, b] and F is an antideriva-
tive of f on the interval [a, b], then

j)f(x) dx = F(b) — Fl(a).




THEOREM 4.11 The Second Fundamental Theorem of Calculus

If f is continuous on an open interval / containing a, then, for every x in the
interval,

4 [ o ar] =00,

THEOREM 4.12 Antidifferentiation of a Composite Function

Let g be a function whose range is an interval /, and let f be a function that is
continuous on /. If g is differentiable on its domain and F is an antiderivative
of f on I, then

Jf (g(x)g'(x) dx = F(g(x)) + C.
If u = g(x), then du = g’(x) dx and

Jf(u) du = F(u) + C.

Guidelines for Making a Change of Variables

1. Choose a substitution # = g(x). Usually, it is best to choose the inner part of
a composite function, such as a quantity raised to a power.

Compute du = g'(x) dx.

Rewrite the integral in terms of the variable u.

Find the resulting integral in terms of u.

Replace u by g(x) to obtain an antiderivative in terms of x.

B s B L

Check your answer by differentiating.

THEOREM 4.14 Change of Variables for Definite Integrals

If the function u = g(x) has a continuous derivative on the closed interval [a, b]
and f is continuous on the range of g, then

2(b)

J)f(g(x))g (x) dx = f(u) du.

gla)




THEOREM 4.15 Integration of Even and Odd Functions

Let f be integrable on the closed interval [—a, a.

1. If £ is an even function, then f flx)dx =2 f f(x) dx.
—a 0

2. If f is an odd function, then f f(x) dx = 0.

Even function 0dd function

THEOREM 5.3 Derivative of the Natural Logarithmic Function
Let u be a differentiable function of x.

d 1 d l du o
1. E[lnx]—;, x>0 2. dx[mu]_uﬁ_u’ u>0

THEOREM 5.5 Log Rule for Integration

Let u be a differentiable function of x.

1. fldx=1n|x|+c 2. fldu:1n|u|+c
X u

Integrals of the Six Basic Trigonometric Functions

fsin u du
ftanudu

fsecudu = In|secu + tanu| + C fcscudu = —In|cscu + cotu| + C

—cosu + C jcosudu=sinu+C

—In|cos u| + C fcotudu = In|sinu| + C




THEOREM 5.11 Derivative of the Natural Exponential Function

Let u be a differentiable function of x.

d X — X
1. dx[e ] =e

d du
2 dx[e I=e dx

THEOREM 5.12 Integration Rules for Exponential Functions

Let u be a differentiable function of x.

1. fe"’dx =e'+ C 2. Je"du =e"+ C

THEOREM 5.13 Derivatives for Bases Other Than e

Let a be a positive real number (@ # 1) and let u be a differentiable function of x.

d | = X i u| — u@
1. a[a 1= (na)a 2. a'.x[a 1= (na)a I
d | d 1 du
3. dx [log, x] = (In a)x 4. dx [log,, u] = (In a)u dx
Definitions of Inverse Trigonometric Functions
Function Domain Range
. e T T
y = arcsin x iff sin y = x —1<x<1 _ESySE
= arccos x iff cos y = x -1 <x<1 O<y<smw
. T T
y = arctan x iff tan y = x —00 < X < 00 3 <Y<3
y = arccot x iff cot y = x —00 < X < O O<y<m
. T
y = arcsec x iff sec y = x x| =1 0<y<m y#E
. T T
y = arcese x iff esc y=x  |x| 21 5 <Y< y#0




V= arcsin x

L
2

Domain: [— 1, 1]
Range: [— 7/2. /2]

¥ = arcese x

(¥}

Yy =arccos x

[SE

Domain: [— 1, 1]
Range: [0, 7]

y = arcsec X

y = arctan x

Domain: (— o0, c0)
Range: (— 7/2, 7/2)

v

4 y=arccotx

2 -2 - 1 2 -2 - 1 1 '
Domain: (— oo, — 1] U [1,00) Domain: (— oo, — 1] U [1,00) Domain: (— oo, c0)
Range: [— 7/2,0) U (0, 7/2] Range: [0, /2) U (w/2, m) Range: (0, )
Basic Differentiation Rules for Elementary Functions
d I i = ’ ’ i = ’ ’
1. dx[cu] = cu 2. dx[u aE | u' v 3. dx[uv] uv’ + vu
d|u vu' — uv’ d d
—_— == i - — |l = =il
4. dx[v] > 5. e [e]=0 6. I [w"] = nur—'u
d d u d _u’
7l dx[x] = 1 8. dx[|u|] =T w”), u#0 9. dx[ln ul = .
d ul = pu 4,7 i = U_’ i u| — Uy, !
10. dx[e = e'u 11. dx[IOg"“] = Tan 12. dx[a 1= (In a)a*u
13. i[sin u] = (cos u)u’ 14. i[cos u] = —(sinu)u’ 15. i[tan u] = (sec2u)u’
dx dx dx
16. i[cot u] = —(csc?u)u’ 17. i[sec u] = (sec u tan u)u’ 18. i[csc u] = —(csc u cot u)u’
dx dx dx
d . . u’ d . —u’ d _u’
19. a[arcsm ul = — 20. T [arccos u] = T 21. I [arctan u] = e
d —u’ d u’ d —u’
22. dx[arccot ul = T 23. dx[arcsec ul] = PN 24. dx[arccsc u] = PRCES]




Basic Integration Rules (a > 0)

1. fkf(u) du = kff(u) du 2. J[f(u) + g(u)] du = | f(u) du + fg(u) du
un+l
3.jdu=u+C 4.fu”du— +C, n#—1
n+ 1
du
58 o In|u| + C 6. |e“du=¢e"+C
7. fa"du=(¢>a“+c 8. Jsinudu= —cosu + C
Ina
9. jcosudu=sinu+C 10. ftanudu=—ln|cosu|+C
11. fcotudu = In|sinu| + C 12. fsecudu = In|sec u + tanu| + C
13. fcsc udu = —In|cscu + cotu| + C 14. J'sec2 udu =tanu + C
15. jcsczudu=—cotu+C 16. fsecutanudu=secu+C
du .U
17. [cscucotudu = —cscu + C 18. ——— = arcsin— + C
a’ — u? a
du 1 u du 1 [t
5= == =+ == =+
19 faz T2 g rctan— C 20 lem , aresec C

Procedures for Fitting Integrands to Basic Rules

Technique Example
Expand (numerator). (1 +e%2=1+ 2e* + e*
1 +x 1 X

Separate numerator. = +
* Ap il Al Al

1 1
\/2J\'—x2—\/l—()c—l)2

Complete the square.

. . . D2 1
Divide improper rational function. 241 1 21
: 2x _2x+2-2_ 2x+2 2
Add and subtract terms in numerator. Pt utl Pt ntl Btramtl Gty
Use trigonometric identities. cot’x = csc’x — 1
1 1 1 — sinx 1 — sinx
Multipl ivi Pyth jugate. = - = :
ultiply and divide by Pythagorean conjugate 1 + sinx (l s x)(l — sin x) | — sin’x
I — sinx 5 sin x
= —— = gec- _— ——

cos? x T cos?x




8 8

a b

Area of region =
between f and g

b
f [f(x) = g(x)]dx

a

Area of region - Area of region
under f under g

b b
f f(x) dx - f g(x) dx

The Disk Method

To find the volume of a solid of revolution with the disk method, use one of
the following, as shown in Figure 7.15.

Horizontal Axis of Revolution

Vertical Axis of Revolution

b d
Volume = V = J [R(x)]? dx Volume = V = J [R(y)]*>dy

V=r [ R dx)

R(x)<

.
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Horizontal axis of revolution
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R(y)

Vertical axis of revolution




Definition of Arc Length

Let the function given by y = f(x) represent a smooth curve on the interval
[a, b]. The arc length of f between a and b is

s = Jb\/l + [ f/(x)]*dx.

Similarly, for a smooth curve given by x = g(y), the arc length of g between ¢
and d is

d
s = f V1 + [g'(y)]dy.

Definition of the Area of a Surface of Revolution

Let y = f(x) have a continuous derivative on the interval [a, b]. The area S of
the surface of revolution formed by revolving the graph of f about a horizontal
or vertical axis is

b
S = 27TJ r(x)vV1 + [f(x)]?dx y is a function of x.

1

where r(x) is the distance between the graph of f and the axis of revolution. If
x = g(y) on the interval [c, d], then the surface area is

d
S = 27Tf r(y)vV1 + [g’(y)]*dy x is a function of y.

where r(y) is the distance between the graph of g and the axis of revolution.




